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Abstract—A study of the postbuckling behavior of geometrically imperfect anisotropic sandwich
doubly-curved and flat panels subjected to a system of compressive edge loads and a lateral pressure
is presented. The study is carried out in the context of the weak core sandwich shell model whose
superior structural performance as compared to those of the strong core sandwich or standard
laminated structures has resulted in its increased use in the design of advanced flight vehicles. A
detailed investigation of the influence played by a number of kinematical and physical parameters
as well as by the character of tangential boundary conditions on the load carrying capacity of
sandwich structures is performed and pertinent conclusions are outlined. © 1998 Elsevier Science
Ltd. All rights reserved.
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NOMENCLATURE

the distance between the global mid-surface and the mid-surface of facings
stiffness quantities associated with the facings and their inverted counterparts, respectively

stiffness quantities associated with the facings
2-D permutation symbol

3-D strain tensor

in-plane Young’s moduli

transverse shear moduli of the core

thickness of the facings, that of the core and the total thickness of the structure, respectively

Gaussian curvature of the global mid-surface

length and width of the flat/curved panel

stress couples and stress resultants measures [eqns (16) and (17)]
transverse shear stress resultants associated with the core
dimensionless form of the normal edge loads

G..e» dimensionless counterpart of g,,, [eqn (28b)]
transverse load

transverse shear moduli associated with the core

elastic moduli and their modified counterparts, respectively
dimensionless thickness ratio

principal radii of curvature of the global mid-surface
second Piola—Kirchhoff stress tensor

3-D displacement tangential and transversal field
transversal deflection and initial geometric imperfection, respectively
tangential and the thicknesswise coordinate, respectively
dimensionless counterparts of w,,, and w,,,, respectively
end-shortening in the x, direction

2-D tangential displacement measures (eqns 5)

Airy’s potential function

2-D strain measures

mn/L,, nn/L,
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Superscripts, subscripts and underscoring signs

“), )¢ quantities affiliated with the bottom, upper and core layers, respectively

) prescribed quantity

() ) quantities associated with the face and core layers, respectively

(). aC)/ox,

(Yomr (Dois derivatives of () with respect to the coordinates normal and tangential to an edge, respectively.

1. INTRODUCTION

A typical laminated structure which, due to its outstanding features, was used in the
aeronautical industry in the past and is of great promise in the design of high-speed and
reusable launch vehicles, is the sandwich-type construction. In its simplest form, the sand-
wich construction can be viewed as a structure composed of two stiff layers (face layers),
separated by a thick mid-layer of low density material (core layer). The considerable
advantages offered by fibrous composite materials over conventional materials and the
need of overcoming the technical challenges involving the design of advanced super-
sonic/hypersonic flight vehicles have prompted an increased use of sandwich structures,
and incorporation in their construction of laminated composites as face sheets.

During the operational life of aerospace vehicles, high temperature and pressure
gradients acting throughout their structure are likely to be experienced. As a result of these
severe environmental conditions, high compressive stresses acting on the edges of the
constituent panels are induced. For this reason, the study of the postbuckling behavior of
sandwich structures under complex loading conditions is a matter of considerable import-
ance in the design of supersonic/hypersonic aircraft. The results of such a study can reveal,
among others, the capacity of sandwich constructions to carry compressive edge loads
beyond buckling bifurcation ; to support lateral pressure fields with/without the occurrence
of the snap-through buckling; to infer about the severity of the snapping phenomenon and
on the sensitivity of the load carrying capacity to initial geometric imperfections.

As the most actual and comprehensive survey on the status and achievements in the
field of sandwich constructions reveals, (see Noor ef al., 1996), such results are completely
lacking from the specialized literature. One of the goals of the present work is to fill this
gap, by supplying pertinent information on this topic.

A basic ingredient enabling one to accomplish such a study lies on the availability of
a geometrically non-linear theory of sandwich flat and curved panels incorporating the
initial geometric imperfections and accounting for the anisotropy of the face sheets.

A theory of sandwich plates/shells encompassing these features and able to address
such issues was recently developed (see Librescu er al., 1996) and will be used for such a
purpose in this paper. In order to be reasonably self-contained, in the following, the relevant
equations are displayed and emphasized only to the extent that they are needed in our
treatment of the subject.

2. BASIC ASSUMPTIONS

The geometrically non-linear theory of doubly curved sandwich shells used herein is
based on a number of assumptions, namely : (i) the face sheets are constructed of a number
of orthotropic material layers, the axes of orthotropy of the individual plies being not
necessarily coincident with the geometrically axes x, of the structure, (ii) the core material
features orthotropic properties, the axes of orthotropy being parallel to the geometrically
axes x,. Although in the paper by Librescu er al., 1996, the developed theory involves the
cases of weak and strong core sandwich structures, here the analysis is confined to weak
core sandwich structures, (iii) the core and face layers are incompressible in the transverse
normal direction, (iv) although in the paper by Librescu ef al. (1996) the theory concerns
the general case of non-symmetric face sheets, herein the case of symmetric faces with
respect to both the global reference surface of the panel and of those of the upper and
bottom facings is considered, (v) the analysis is carried out in the framework of the shallow
shell theory, and finally, (vi) a perfect bonding between the face and core layers is postulated.
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3. KINEMATICS OF SANDWICH PLATES AND SHELLS

The global middle surface of the structure selected to coincide with that of the core
layer, is referred to a curvilinear and orthogonal coordinate system x,(¢ = 1,2). The
transverse normal coordinate x; is considered positive when measured in the direction of
the downward normal. We also assume that the uniform thickness of the core is 24 while
those of the bottom and upper faces are 4’ and 4", respectively. As a result, H(=2h+h +h")
is the total thickness of the structure. For the sake of identification, unless otherwise noted,
the quantities affiliated with the core will be accompanied by a superposed bar, while those
associated with the lower and upper faces by a single and double primes, respectively,
placed on the right or left of the respective quantity. In the forthcoming developments, in
addition to the global mid-surface of sandwich structure, the mid-surfaces of the upper and
bottom facings will also be considered in the analysis. Their location, measured with respect
to the global mid-surface, is given by a’'(=h+#'/2) and a"(=h+h"/2).

In view of assumptions (iii) and (iv), the following relationships hold valid

Vi ="Vs =V =05(x1, X5, 0) (1a)
and

W=h=h a=d=a (1b,c)

In eqn (la) v; denotes the transversal deflection considered to be positive in the inward
direction and assumed to be uniform through the entire thickness of the structure. In the
dynamic case, the time-dependence of the field quantities has to be accounted for. Upon
representing the tangential 3-D displacements corresponding to the face and core layers in
a linear form throughout their thickness, discarding transverse shear effects in the face
sheets, taking into account eqn (1a) and enforcing the kinematic continuity conditions at
the interfaces between the core and facings, one obtains their expressions given by :

61)3()(0()
ox,

Ovs(x,) »h<x, <h+h 2a—c
Valoms) = o) ) — (5 —) ae) [ e

/Vl (xz’x3) = él(xot)+"l(xa)—(x3 —a)

’V3 (xw x3) = U3(xu)

) ~ h Ovs(x,
Vi(xs,x3) = & (x,) + (x3/h) {’71(”‘“)+ 5%%}
] i hovsx)) ¢ —h<x<h o (a9
Va(xy, x3) = &5(x,) +x3/h {”2(%)4_ 5%):)}
V3(Xa,X3) - U}('xi)
"V (Xas X3) = &1 (X)) — 1 (x,) — (x5 +a) 6053(:2)
"V (X, X3) = E3(x2) =12 (X)) — (x5 +a) 6053)(:5!) et e

”V3(xc<’ x3) =U; (xa()

A detailed deduction of eqns (2)—(4) can be found in the paper by Librescu et af. (1996).
In these equations &,(x,, x,), &:(x1, X2), n1(x1, X») and #,(x,, x,) stand for the 2-D tangential
displacement measures defined as
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E = (VI+"VD2, 0 =(VI="V])/2,
&= (VIH"VD2, 0 =(Vi-"VI)2, (5a—d)

where V2, and "V denote the tangential displacements of the points of the mid-surface of
the bottom and upper face sheets, respectively.

In light of eqns (2)—(4) it is readily seen that the 3-D displacement field of sandwich
shells is expressible in terms of the 2-D displacement measures &,, &, #,, #, and v5. Assuming
that the structure features also a stress-free initial geometric imperfection 3(=5,(x,)), and
adopting the concept of small strains and moderately small rotations (see Librescu, 1987),
the 3-D Lagrangian strain tensor, e;;, produced by a field of finite displacements V; is given
by

2ey = Vig+ Vit VayVay+ Vo Vay+ ViV (6)

By convention, the transverse deflection is measured from the imperfect surface, in the
positive, inward direction. In eqn (6) (*);;; denotes the covariant derivative with respect to
the metric of the 3-D space. Using the relationships between covariant derivatives of space
and surface tensors, (see Librescu, 1975), from eqns (2)—(6) and consistent with the concépt
of shallow shells, the distribution of strain quantities across the laminate thickness assumes
the form:

In the bottom facing: (h < x; < h+4)

‘eyr =gy H (X3 =YK\, Texy = et (x5 —a)Ky, 2e;; =y + (i —a)k,.

(7Ta—<)
In the core layer: (=4 < x; < h)

€ =&+ X381, € = &t XsRpn, 2810 = i+ XaRia, 2815 =13, 283 = Tas
(8a—e)
and )
In the upper facing: (—h—h" < x; < —h)
"eyy =" (s +a)kly, Tex ="en (X3 +aNK5,, 27ez ="y +(x; +a")kis.
(9a—)
In these equations &y, &, &12(=712/2) and &;3(=7y,3/2), &3(=72/2) denote the 2-D tangential

and the transverse shear strain measures, respectively. Their expressions in terms of the 2-
D displacement measures are displayed in Appendix 1.

4. EQUATIONS OF EQUILIBRIUM/MOTION AND BOUNDARY CONDITIONS

The Hamilton’s variational principle is used to derive the equations of equi-
librium/motion and the boundary conditions of the theory of shallow sandwich shells. This
variational principle may be stated as

6J:5JII(U—~ W—T)dt =0 (10)

0

where 1,, ¢, are two arbitrary instants of time ; U denotes the strain energy ; W denotes the
work done by surface tractions, transversal, edge loads and body forces; T the kinetic
energy of the 3-D body of the sandwich structure, while é denotes the variational operator.
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The variations of the strain energy, of the kinetic energy and of the work are given,
respectively, by

| i +A —h
5U=§J U 'S,.jae;j+J S,.,.(Sé,.,.+J ””S,jée}}}d%do, (j=1,2,3) (1)

h h —h—h

1 I3 h+ . i . —h R
f 5sz=—f dzUJ 'pViéVid,x3J ﬁV,-éVidxﬁ-J ”pV,-éV,-dx3:|, (12)
o ty s Jh _i W

where it was considered that 6V, = 0 at ¢ = ¢, ¢,, while

h+h h —h
(3W=J~ [J ‘pHSV, do dx; +J pHOV dodx, +J ”pH,éV,-dad:q]

A ~h —k—k

+J SoV,dQ.  (13)
QS

Herein, the usual summation convention over a repeated index is employed; S;; denotes
the second Piola—Kirchhoff stress tensor, ¢ denotes the undeformed mid-surface of the
sandwich shell, the superposed dots denote time derivatives, p denotes the mass density ;
S: = §;n;denote the components of the stress vector prescribed on the part Q, of the external
boundary Q; »; are the components of the outward unit vector normal to Q and H, denote
the components of the body force vector.

From the variational eqn (10) considered in conjunction with eqns (11)—(13), and with
the strain—displacement relationships (7)—(9) (used as subsidiary conditions), carrying out
the integration with respect to x; and integrating by parts wherever feasible, using the
definition of global stress resultants and stress couples (to be defined later), and invoking
the arbitrary and independent character of variations 8¢, &5, o1, dn,, and v, throughout
the 3-D body and within the time interval [1,,¢,], one derives the equations of equi-
librium/motion and the boundary conditions. By retaining only the transversal load and
transverse inertia term, the equations of motion are:

o8 Ny +N;,,=0,
08y Nap+ Ny, =0,
on: Ly, +L,,—Nj;=0,
0Ma: Lyyo+Liy,—Ny =0,
Ovy: Ny (s +850 + /R 2N (U302 + 03 12) + Naa(Us 2283,22 + 1/R,)
(M1 +2M 5 0+ Moo 50) (U +A/2R)(N 5y +Nos o) + g3 —mets = 0. (14a—¢)

As concerns the associated boundary conditions, these are:

Now = Nons or & =¢,
N, =N,, or ¢, =¢n
L,, = Lo or H, =1,
L, =L or #, =1,
M,, =M, Or V3, =Us,,
N3, +83,) + No (03, +83,) + Moy or vy =u;.
+2M,,, + (A +h2QA)N,s = M,., £ Ns. (15a—f)

In these equations 1/R, and 1/R, denote the principal curvatures of the global middle
surface in the reference configuration; (), denotes the partial differentiation with respect
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to surface coordinates x,, while ¢; and m, denote the distributed transversal load and the
reduced mass per unit area of the shell mid-surface repeated. The subscripts # and 7 in eqns
(15) are used to designate the normal and tangential in-plane directions to an edge, and
hence n = 1 when r = 2, and vice-versa. The terms underscored by a tilde denote prescribed
quantities. As concerns the global stress resultants and stress couples in terms of which
eqns (14) and (15) are expressed, for weak core sandwich structures these reduce to:

Ny ='Nj +"Ny,, (122)

Ny, ='Ni;+"Ni,

L, =h(N, —="Ny), (1=22)

L= E(/le-”le),

M, ="M +"M,, (122

M, ="M,+"M,,. (16a-f)
The sign (1 2 2) indicates that the expressions of the stress resultants and stress couples
not explicitly written can be obtained from the ones associated with this sign upon replacing
subscript 1 by 2 and vice versa.

Consistent with the concept of shallow shell theory, the stress resultants and stress
couples in the bottom facings are expressed as:

k=1

N (x3)%
{N;Ba M;B} = Z J‘ I(Szﬂ)k{lax}\_a} dX3, (a’ﬁ = 1’2) (17)
(

X3 1

and in the core layer as:
. ’_l -
Ny = J S5 dxs. (18)
—k

The stress resultants and stress couples for the upper facings can be formally obtained from
those defined by eqns (17) by replacing single primes by double primes and a by — a. Herein
N denotes the number of constituent layers in the bottom facings (which, by virtue of the
postulated symmetry is equal with that in the upper facings), while (x), and (x;),_, denote
the distances from the global reference surface (coinciding with that of the core layer) the
upper and bottom interfaces of the kth layer, respectively. It should be recalled that
eqns (14)—(16) corresponding to weak core sandwich structures represent the specialized
counterpart of the more general ones derived in the paper by Librescu et al. (1996).

5. CONSTITUTIVE EQUATIONS

Assuming a symmetric lay-up for the faces and that the material of the constituent
layers feature monoclinic symmetry properties, in the absence of thermal and moisture
effects, the constitutive equations associated with the bottom facings assume the form (see
Librescu et al. (1996)):

‘N = AV A8+ A7, (122)

'Ni, = Aleet + As6€5: + A%sV12,

‘M, = F ik +Flx5 +Fiey1:, (122)

"M, = Fiek)y + Faskhr + Feeh2- (19a—d)

The stiffness quantities in eqns (18) are defined as
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F.,, = D,,—2aB,,—d’ 4, (20a)

wp

and

N (xg)k ”
{A:up’B:upﬁD:up} = Z J (Q;,p)(k)(l,X3,X§)dx3, (wap = 1: 2a 6) (20b)
(

k=1 X3)k_1

The expression of stress resultants and stress couples associated with the upper facings can
be obtained formally from eqns (19) and (20) by replacing the single prime by double
primes and a by —a. However, in view of the symmetry with respect to the global mid-
surface, N’ = N” and by virtue of the overall symmetry of the structure with respect to the
global mid-surface, one has in addition 0,,, = J5,.

For the core layer considered as an orthotropic body (the axes of orthotropy coinciding
with the geometrical axes), upon postulating that it is capable of carrying only transverse

shear stresses, the pertinent constitutive equations reduce to:
le = 25K2Q55713, N23 = 2h—1€2Q_44723- (2la,b)

In eqn (20b) the reduced elastic moduli Qij are defined as Qij = Q;— (010)3)/Ox, while in
eqns (21) K? defines the transverse shear correction factor.

6. GOVERNING EQUATIONS

A representation of governing equations most suitable for buckling and postbuckling
studies will be used. This representation can be seen as a generalization for the case of
sandwich shells of that used in the case of shear deformable shallow shell theory (see
Librescu and Chang, 1992; Librescu ez al., 1993), as well as of that for flat sandwich
structures (see Librescu, 1975). For the case considered here the representation is done in
terms of the Airy’s potential function ¢(x,, x,), the transverse displacement v, and the
displacements measures #, and #,.

To this end the equilibrium eqns (l14a, b) are identically fulfilled by expressing the
stress resultants in terms of the Airy’s potential function ¢(= ¢(x,,)) as:

Naﬂ = Cazwcﬁp(p.mp (22)

where c¢,; denotes the 2-D permutation symbol. Having in view that with the use of
eqn (22), the two equilibrium equations are eliminated, in order to ensure single valued
displacements, the compatibility equation for the tangential strain measures has to be
fulfilled.

For weak core doubly curved sandwich panels this equation is:

g11.22 82201 — V122 + /R U320 + 2/Ry)v;,1, _2U§,|2
+20311,03.22 +26;3 110322 “403,12133,22 =0 (23

where
ey = e +"e11; €2 ="8n+"82; Yi2="Yi2t"712-
Equation (23) can be expressed in terms of the basic functions mentioned above by per-

forming a partial inversion of eqns (19a, b). Having in view these equations considered in
conjunction with eqn (22), the compatibility equation can now be expressed as:
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A§k2¢,1 i+ AN 220, _2A’1k6¢,]222 —2A>2k6d),21 11+ (A% +2AT2)¢,1 122+ (2/R1)Us,22

+ (2/R2)03,| 1 —295,12 +20; 110355 + 285 1 0322 + 205, 18320 =403 15031, = 0. (24)
By virtue of the structural symmetry of the sandwich panel, in these equations,
Aoz[f E(A;;s = A&ﬂ), Fxﬂ E(F;/; = FZ/}), h=W =hn"),

whereas the stiffness quantities 4%; represent the inverted counterparts of A4,
On the other hand, the equilibrium equation (14c—e) expressed in terms of the dis-
placement quantities write :

Aumin +AieNan +Assfiar H (A1 + Ase 212 +2A4160 102+ Aa26M2.22
— QKRG 3/l +avs,) =0, (25a)
AzsNaoo+ Az +AessHait (A2 + Ao 12+ 24260202+ A 160111
— Q2K Gy3/h) (1, +avs,) =0, (25b)
D221+ R+ 11 (U224 832+ 1/Ry)—2¢ 12(03,12+85.12)
—F 0300010 —Faa30220 —4F 1603 1112 —4F 2603 1220 —2(F 3 +2F46)03.1 122

+ (2132“/}—1){613(771,1 +av; 1)+Gz3(ﬂ2,2 +GU3,22)} —myt3+¢q, =0.  (25¢)

Equations (24) and (25) constitute the governing equations of the problem. The analysis
will be confined to simply-supported boundary conditions. Since for geometrically non-
linear problems, the bending and stretching problems are coupled, in addition to the
bending boundary conditions, the ones associated with the tangential boundary conditions
have also to be fulfilled. The formulation of the latter ones gives rise to two types of
tangential boundary condition, referred to herein as movable and immovable edge con-
ditions (see e.g. Librescu et al., 1995). These correspond to the case when the motion of the
unloaded edges in the plane tangent to the structure’s mid-surface, normal to the respective
edge is either unrestrained or completely restrained, respectively. As a result, we have:

Case (I). Edges x, = const., are loaded in compression and freely movable. In this case,
along these edges the following conditions have to be fulfilled :

Nrm = _],.,Vnm Nm = 09 My = Oa n, = Oa Mrm = 0’ U3 = O (26a“f)
Case (II). Edges x, = const. are unloaded and immovable. In this case
(=0, N,=0, n,=0, n,=0, M,, =0, v;=0. (27a-f)

As previously, # and ¢ designate the normal and tangential in-plane directions to an edge,
respectively.

The condition expressing the immovability conditions £, = 0 on x,, = const. is fulfilled
in an average sense as [§' {52(0¢,/0x,) dx, dx, = 0. This condition in conjunction with the
expressions of ‘¢;; and "g;, from the Appendix 1 provides the fictitious edge load N,
rendering the edges x, = const., immovable. When all edges are immovable, the above
condition has to be applied to both pairs of opposite edges as to determine the pertinent
fictitious edge loads N,; and N,,.

7. POSTBUCKLING ANALYSIS

In order to assess the influence played by a number of non-classical effects, the case of
the cross-ply laminated facings is considered, this implying 4, = 45, = 0and Fiy = Fys = 0.
The expression of transverse deflection satisfying the boundary condition v; = 0 is
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v3(x;,X2) = W, SIN L, X 810 f1, %, (28a)
and the transversal load is represented as
q3(xl5x2) = Gmn Sin lmxl Sin Hn X2 (28b)

where 4,, = mn/L,, and p, = nn/L,, L, and L, being the panel side edge dimensions while
W,,, are the modal amplitudes. Following the results by Seide (1974) and Simitses (1986),
the representation of initial geometric imperfections resulting, for the problem at hand, in
the most critical postbuckling conditions is

33(x1, X2) = Wy, SN A, sin p1, X, (29)

where w,,, are the modal amplitudes of the initial geometric imperfection shape. Moreover,
the stress function ¢ is expressed as (see Librescu, 1975; Librescu and Chang, 1992;
Librescu 1965)

d(x,) = ¢1(x2)—%(1,ynx%+N22xf—2]y|2x1x2), (30)

where, N,,, N,, and N, represent the average compressive and shear edge loads while ¢, is
a particular solution of eqn (24). Replacement of eqns (28)—(30) into eqn (24), and solving
the resulting non-homogeneous partial differentiation equation, along the lines described
in the papers by Librescu (1995) and Librescu and Chang (1993), yields the expression of
¢, as:

¢1(x,) = A, c0824,,x; + A, cos 2, x, + A5 sin 4, x, sin @, x, (31)

where its coefficients are obtained as:
A, = A,(Why+2w,,w0%), Ay = Asw,,, (@=1,2). (32)

The constants A,, 4; are displayed in the Appendix 2.
It can readily be seen that the particular solution ¢, satisfies the conditions:

rL, L

1
G122 1xl:0.Ll dx, =0, j b1 |x2=0,L2 dx, =0,

Jo 0

(L, L,
D112 |.\~1=0.L‘ dx; =0, j $1.12 |x2=O,L2 dx, =0,

Jo 0
rL,
$1.22 lx1=0,L1 dx, = —~ Ny L,
Jo
f‘Ll
O lgy=0r,dx, = —Nop L. (33a-f)
Jo

Equations (33) reveal that as a result of the representation eqn (30), &,, and ¥, acquire
the meaning of average in-plane compressive edge loads.

As in the case of eqn (24) by using eqn (28a), the coupled eqns (25a, b) can now be
satisfied by assuming #,(x;, x,) and #,(x,, x,) in the form

1 (x,) = B cO8 A,,x, Sin pt,X,, Ha(x,) = C,sini,x, cos u,x, (34a,b)

where the coefficients B, and C, can be expressed as:
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~ ~

BI =B|Wm,,, Cl =C‘ll'an-

The coefficients B, and C are displayed in the Appendix 2.
Next, &(x;, x5) and &,(x,, x,) have to be determined. To this end one uses the equations

Ny = ¢,22 = Al]él,l +A12§2,2 +A11”§,1/2+A11753,1U3A1
—A“(U3/R1)+A12L‘§,2/2+A12133,21)3,2—Alz(v3/R2) (1=2) (35)
N =—¢1 = Aeei2+Aesl12+ AesB3.1032 — Agels,1 032+ Agsls 103 2. (35b)

From eqns (25) considered in conjunction with eqns (28) and (31) one can determine &,
and &, as:

E1(x1,x3) = Dyx; +D,sin2l,x; + D, sin24,,x, cos2u,x,
+ D4 €OS AyXy SIN X3 +(Ds N1y +De Ny )x,  (36a)
Ea(x),x2) = E\ X3+ E, sin2p,x, + E; cos 24,x, sin2u,,x, '

+ (E4 80 4, X, COS ux3) +(EsNyy + EsNaz)x,.  (36b)

Herein (D, E)) =(D,, E)W2, +2Wp W), Dy = Dyw,,, E, = Ew,.(i=1,2,3) where the
expressions of D,, E(i = 1,4) and of Ds, D, E; and E, are provided in the Appendix 2.

One of the methods enabling one to get the postbuckling equations in terms of the
modal amplitudes consists of the discretization of eqn (25¢) via the Galerkin method (see
e.g. Librescu, 1975; Librescu and Chang, 1992 ; Librescu et al. 1993). However, a more
inclusive way permitting among others, to compensate the non-fulfilment of certain bound-
ary conditions (namely of non-essential ones) rests on the use of the extended Galerkins’
method (see Fulton, 1961). To this end, replacement of the expressions of ¢, vy, &3, 1, 72,
¢, and ¢, into the variational equation, eqn (10), and carrying out the indicated integrations,
results in the following nonlinear algebraic equation expressed in terms of the modal
amplitudes 9d,,,(=w,,,/H) as:

Pl[émnasmns‘/‘/.]la=/V‘221+P2[5r2nn56mn’Smn]

o/ ./V] m=1,,M>

. 4
P3[5r3nn35rznn55mn55mn]+Pmn = + +q~mn - 07 .
n=1,...,N

R, R, 37

In these equations P;, P, and P; are linear, quadratic and cubic polynomials of the unknown
modal amplitudes, P,,, are constants that depend on the material and geometric properties
of the shell, 4", and A", are normalized forms of normal edge loads to be defined
later, 5,,,,,(5 W,../ H) denote the modal imperfection amplitudes while §,,,, is the normalized
expression of the lateral load amplitudes.

The equilibrium configurations for a given flat or curved panel are determined by
solving the nonlinear algebraic eqns (37) via Newton’s method. As a by-product, the values
of 4", and .45, fulfilling the linearized counterpart of eqn (37) corresponding to §,,, # 0
can be obtained. These correspond to the buckling bifurcation solution. In the following,
a number of numerical illustrations related to the buckling and postbuckling behavior are
displayed.

8. NUMERICAL ILLUSTRATIONS

In order to provide an assessment of the linearized portion of the obtained governing
equations, results on buckling response predicted by the present structural model are
compared with their experimental counterparts (see Karavanov, 1960), obtained for the
case of a circular cylindrical sandwich panel. The experimental data have been obtained
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Table 1. Comparisons of theoretical and experimental buckling predictions for a cylindrical sandwich panel with
isotropic facings of duraluminum, v = 0.3, E = 6.96 x 10° kg/cm® and transversely isotropic core (of penoplast)

_ NuL, > 10° kg
Case h (cm) G (kg/cm?) (NMi)er Theory Exp % Error
1 0.750 81.3 0.365 9.114 8.2 +11.4
2 0.750 84 0.373 9.3 7.8 +19.23
3 0.475 150 0.977 10.49 8.9 +17.865
4 0.200 127 2.726 6.643 6.28 +5.78
5 0.200 566 6.708 16.35 14.6 +11.99
6 0.225 92 2.023 5.965 5.0 +19.3
7 0.500 32.6 0.431 5.087 4.4 +15.61
8 0475 40 0.5 5.369 4.62 +16.212
9 0.500 141 0.879 10.36 9.25 +12.00
10 0.700 104 0.468 10.26 8.55 +20.00

for a panel having the geometrical characteristics L, = 60 cm, L, = 40 cm, R,(=R) = 100
cm, A =0.1 cm.

The theoretical predictions displayed in Table 1 reveal overpredictions of the exper-
imental ones in the range of (5-20%).

Consideration of initial geometric imperfections and of other uncertainties affecting
the test specimens would have eliminated this disparity of results. In fact, the knockdown
factor which is still considered a useful tool for successful shell design (see e.g. Bushnell,
1985 ; Arbocz, 1997), is used to reduce the theoretical buckling predictions (obtained within
the assumption of the geometrically perfect shell model) to the experimental ones. As the
results reveal, for the present case, such a knockdown factor should be no greater than
20%, whereas in the usual cases this factor may be much larger.

In this light it should be concluded that the two groups of results displayed in Table 1
are less far apart than expected.

As concerns the non-linear response, two types of three-layer sandwich structures are
considered in the numerical illustrations, namely : Type (i) characterized by isotropic facings
and transversely-isotropic core, and Type (ii) in which both the facings and the core are
orthotropic. For these cases, the elastic and geometric parameters are appropriately selected
as:

Type (i): EifG.=50; v=03; h/L=0002; h/L=0.03
Type (i) : (G12/Ey)r = 0.6; (Ey)/(Gy3)e = 10;
(G14/Gas)e = 2.5; h/L=0.002; hJL =003

In the following, the non-specification of the type of structure implies its belonging to the
Type (i). It should be noticed that in both types of structures, the same thickness charac-
teristics have been considered.

For the problem at hand it is convenient to identify the quantities affiliated with the
face and core layers by associating to these ones the indices f and c, respectively.

The parameters (A", A 52) = /(Ui Fao) (A 11, A '22) and P = G (=(gmrL?)/
(n?F,, H)) where r(= {h/[\/3(2h. + h)]}* defines the thickness ratio. In addition, the quan-
tity A, (= — (1/L, L,){§' [§2(d&,/6x,) dx, dx,) defines the end shortening in the x,-direction.

For the sake of simplicity one considers the case of curved panels featuring a square
projection on a plane, this implying that L, = L, = L. In this case, the most conservative
buckling/postbuckling conditions occur for m = n = 1. Consequently, é(=w,,/H) and
8o (=w?,/H) stand for the deflection and imperfection amplitudes obtained at the center of
the panel, x, = x, = L/2. The effects of a lateral pressure on the deflection of doubly curved
panels are depicted in Figs 1-3.

In Fig. 1 the case of a geometrically spherical cape with movable edges is considered
while in Figs 2 and 3 the response to a lateral pressure of doubly-curved panels featuring
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Fig. 1. Influence of initial geometric imperfection on the pressure—deflection interaction of a spherical
cap (L/R, = L/R, = 0.5). Movable edges.
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Fig. 2. Influence of the curvature ratio of a geometrically perfect doubly-curved panel (L/R; = 1)
on the pressure—deflection interaction. Movable edges.

movable and immovable edges is displayed. The response behavior as appearing from these
figures reveals a net departure from that featured by the standard laminated structure
counterpart. In contrast to the latter case, in the former one the total absence of the
snapping phenomenon can be remarked. In the case of standard laminated structures, such
a trend is proper to flat panels only.
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The beneficial influence of negative imperfections on the loading carrying capacity of
panels emerges from Fig. 1. Figures 2 and 3 reveal the effects played by the curvature and
edge movability/immovability on the load carrying capacity of panels. The results reveal
that in contrast to the case of panels with all edges movable, the immovability of the edges
provides an increase of their load bearing capacity. In addition, the results reveal that in
the latter case, the load carrying capacity of the panel becomes less sensitive to the change
of the curvature L/R, than in the case of the movable edge panel counterpart. Figure 4
depicts the response of a uniaxial-compressed circular cylindrical panel. In addition to
the case of the geometrically perfect panel, a number of scenarios consisting of various
combinations of the lateral pressure and initial geometric imperfections are considered in
this figure. A sketch of a circular cylindrical sandwich panel is provided in the inset of the
figure.

The results emphasize the equivalent role, from the response standpoint, played by the
initial geometric imperfection and a lateral pressure. The similarity in the response behavior
with a flat laminated composite panel becomes also evident from this figure.

In Figs 5 and 6 the effect of the geometric initial imperfection on the response of a
spherical cap subjected to the uniaxially compression rise is presented. The results emerging
from the graphs reveal that corresponding to §, = 0.2566, the panel exhibits buckling
bifurcation while, for any &, # 0.2566, a monotonous increase of the deflection amplitude
with that of the compressive load is experienced. The absence of the snapping phenomenon,
as well as the similarity, as concerns the postbuckling behavior, with a flat panel becomes
also apparent from these plots. This behavior constitutes a noteworthy departure from that
featured by the standard laminated or homogeneous shell counterpart whose load carrying
capacity is strongly affected by the emergence of the snap-through phenomenon and is
imperfection-sensitive (see e.g. Librescu and Chang, 1992 ; Librescu et al., 1993).

In Figs 7 and 8 the response of a doubly-curved panel of K 2 0, subjected to the
uniaxially compression rise is depicted, where K(=1/(R,, R,)) denotes the Gaussian curva-
ture. The results show that for specific values of the principal curvatures (in this case for
L/R, = 0.5 and L/R, = —0.15) a buckling bifurcation is experienced. For the same cases,
following the increase of the compressive edge load beyond the buckling bifurcation, a
snap-through buckling is manifested. Based on these results one can conclude that for
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Fig. 4. Influence of combinations of the pressure and initial geometric imperfections on the com-
pressive load—deflection interaction of a circular cylindrical panel (L/R, = 0, L/R, = 1). Movable
edges.

sandwich structures, the ones featuring a negative Gaussian curvature are more prone to
the snapping phenomenon than their counterparts featuring a positive Gaussian curvature,

The same trend is also highlighted in Figs 9 and 10 where the considered structures
feature negative Gaussian curvatures. From these plots it becomes apparent that for the
same structure, for a specific pressure (Fig. 9), and a geometric imperfection amplitude
(Fig. 10) one gets a buckling bifurcation, followed, with the increase of the compressive
edge load, by the snapping phenomenon. Based on these findings one can conclude that
for a panel of given negative Gaussian curvature there is a single pressure and geometric
imperfection, or combination of both, for which buckling bifurcation, followed by the
snapping phenomenon can occur. However, as Fig. 11 reveals, a sandwich circular cyl-
indrical shell can also experience a mild snap-through buckling. A similar conclusion was
conjectured by Fulton (1961).

In Figures 12 and 13 the case of a geometrically-perfect doubly-curved panel featuring
positive and negative Gaussian curvatures is considered. One assumes that the panel belongs
to the Type (ii) and is subjected to the uniaxially compressive edge load rise. The figures
show that the increase of the orthotropy ratio of the faces (measured in terms of the ratio
E\/E), yields an increase of the load carrying capacity of the panel. Compared with the
panel counterpart featuring freely movable edges, the results (not displayed here), reveal
that in the case of immovable edges the panel displays an increased load carrying capacity.

Moreover, a comparison with the results displayed in Fig. 7 where the faces are
characterized by E,/E, = 1, and where for L/R, = —0.15, a snap-through buckling occurs,
in the present case, due to the relative large orthotropy ratio, an inhibition of the intensity
of the snapping phenomenon is manifested.

It should also be stressed that in the case of immovable edges, in addition to the
primary branches, also secondary branches can occur. In the experimental work, a snap-
through from the primary to the secondary branches can be experienced. Such a trend was
illustrated in the inset of Fig. 14. Although the circular cylindrical panel features the largest
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Fig. 5. Influence of the initial geometric imperfection on the compressive load—deflection interaction
of a spherical cap (L/R, = L/R, = 0.1). Movable edges.
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Fig. 6. Counterpart of Fig. 5 in the (4}, A,) plane.

load carrying capacity, the snap-through from the first to the second branches can occur,
in this case, at the lowest possible compressive edge load.

Although in this paper the equations incorporate also the dynamical effects, only the
statistical counterpart of these equations have been used. In spite of this, the full dynamical
equations enable one to study a problem of high importance, namely that of frequency-
load interaction. Such a study can be done along the lines pursued in a number of relevant
papers (see e.g. Librescu and Chang, 1992, 1993).
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Fig. 7. Influence of the curvature on the compressive load-deflection interaction of doubly-curved
(L/R, = 0.5) panel. Two edges are immovable.

10 -
—— Negative L/R
— — Positive LIR: //,
s
8| 7.
e

-0.15
V7 Z -0.25

-0.35

Dimensiontess compressive edge load, N 11

-]
1

e

w

2\{\%
\
\

0 ) ] | |
0.00 0.03 0.06 0.09 0.12
Dimensionless end-shortening, A,

Fig. 8. Counterpart of Fig. 7 in the plane (A7), A)).

9. CONCLUSIONS

A number of issues related to the postbuckling of flat and curved sandwich panels
have been examined and pertinent conclusions about the influence played in this respect by
a number of kinematical and physical parameters have been outlined. As an important
outcome of this study, the low intensity and even the absence, of both the snapping
phenomenon and sensitivity to initial geometric imperfections of the load carrying capacity
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Fig. 10. Influence of the initial geometric imperfection on the compressive load—deflection interaction
of a doubly curved panel (L/R, = —0.1; L/R, = 0.1). Two edges are immovable.

of curved sandwich panels was revealed. It was also shown that in some very special
instances (e.g., of panels feature negative Gaussian curvatures), the snapping has a larger
probability to occur. The strong influence on the enhancement of the load carrying capacity
of panels played by the immovability of edges and the increase of the orthotropicity ratio
of facings was also highlighted.
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Fig. 11. Influence of combined initial geometric imperfections on lateral pre-load on the compressive
load—deflection interaction of a circular cylindrical panel (L/R;, =0, L/R, = 1). Two edges are
immovable.
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Fig. 12. Influence of the curvature and orthotropicity ratio of faces on the compressive load—
deflection interaction of doubly-curved (L/R, = 0.5) panels. Two edges are immovable. Panel of

Type (ii).

It is hoped that the results of this study will contribute to a better understanding and
design of sandwich structures subjected to complex loading conditions.
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APPENDIX 1

Strain- Displacement Relationships
Bottom Facings
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APPENDIX 2
Expressions of the coefficients appearing in eqns (31), (32), (34) and (36)
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In these expressions, A,, and Zm,, are defined as follows:
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